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Abstract
Cosmological solutions of Einstein equation for a 5-dimensional space-time,
in the case of a dust-filled universe, are presented. With these solutions we
are able to test a hypothetical relation between the rest mass of a particle and
the 5th dimension. Comparison with experiment strongly refutes the implied
dependence of the rest mass on the cosmological time.
∗CONICET
The hypothesis of a higher-dimensional space-time has helped to formulate theories that
tackle some important problems in contemporary physics. Kaluza–Klein theory [1], su-
pergravity [2], superstrings [3], and extended inflation [4] are but a few examples of such
theories. In particular, since a unified 5-dimensional theory for electromagnetism and gra-
vitation was developed by Kaluza [5] and Klein [6], a lot of attention has been paid to the
study of Einstein’s equation (E. E.) in a 5-dimensional space-time. We discuss here a com-
pletely different feature of 5-dimensional E. E. In recent years, some authors have suggested
that the 5th dimension might be related to mass [7]. This idea arises either from dimensional
analysis [8,9], or from reinterpretations of the 5-dimensional vacuum equations [10,11]. A
consequence of this relation is that the rest mass of a given body varies from point to point
in space-time, in agreement with the ideas of Mach [12,13]. This is a definite and testable
prediction, specially when time intervals of cosmological order are considered [7,14]. With
the aim of comparing it with experiment, we have worked out cosmological solutions of the
5-dimensional E. E. in the case of a dust-filled universe 1.
The relevant equations are 2
GAB = 8 pi G TAB (1a)
TAB = ρ uA uB (1b)
where ρ and uA are the density and the velocity field of the dust respectively, and G is
Newton’s gravitational constant.
1After this work was finished, we found a paper by Ma [9], in which these cosmological solutions are
worked out imposing different boundary conditions on the function ζ(τ) (see below). Cosmological
solutions in the case of a radiation dominated universe were obtained by Mann and Vincent [15].
2In what follows, latin indices A,B, . . ., run from 0 to 4, greek indices from 0 to 3 and latin indices
i, j, . . ., from 1 to 3.
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We propose the following solution
g00 = η00 gij =
A2(τ)
(1 + kr2/4)2
ηij ; g44 = −e
ζ(τ) (2)
where r2 = x21 + x
2
2 + x
2
3, ηµν is the 4-dimensional flat metric tensor, and k is the scalar
curvature of the 3-dimensional section (coordinates x0 = x4 = constant). The functions
A2(τ) and ζ(τ) need to be determined from (1a), which constitutes a system of differential
equations admitting exact solutions for the aforementioned functions. In order to solve this
system, we required that both ζ and dζ/dτ vanish at τ = today. With these conditions, the
masses of the fundamental particles can be set to their present experimental value today [16],
and mass variations are negligible in short time scales (see eq.(3)), which is consistent with
the bound |m˙/m|today <∼ 10
−12 yr−1 [17]. However, our results are completely independent
of the epoch in which the initial conditions for ζ and dζ/dτ were imposed. 3
The solutions are explicited in the following table.
If we use them along with the definition of mass [9] in the case of an x4-independent
metric,
m(τ) =
c2
G
√
−g44 ∆l0 (3)
(∆l0 is the -finite- “length” of the body in the x4 direction [9]), we can now calculate the
ratio
∆m
m0
=
m(τe)−m(τ0)
m(τ0)
(4)
where τe is the epoch of a given event and τ0 is the present age of the universe (see Table I).
An upper bound for ∆m/m0 can be determined with high accuracy at least for three
cases: variations in the planetary paleoradius of Mercury and the Moon [18], variation of
3This can be seen by comparing the prediction of this theory for m˙/m = ζ˙/2 at τ = today in
the case where the initial conditions for ζ and its derivative were imposed for instance at the Oklo
phenomenon epoch, with the current experimental limits on m˙/m [17].
2
the lifetime of long-lived β decayers (such as 187Re, 40K, and 87Rb) [19], and variation in the
thermal neutron capture cross section of several nuclear species in the Oklo phenomenon [20].
The bound for the mass variation since each event can be determined from the data m˙/m
tabulated in [17] (see Table II).
On the other hand, analytic expressions for the ratio ∆m/m0 can be calculated from
Table I, (2), and (4) as functions of Ω0, τe and H0. These expressions define, for a given τe,
2-dimensional surfaces that intersect the plane ∆m/m0 = ∆m/m0|exp (where ∆m/m0|exp
is the upper bound for each of the events mentioned above, and is given in Table II), thus
yielding one curve of the form Ω0 = Ω0(H0) for each event as follows:
Ω0 =
1− α
(H0Le)2
(1−H0Le)
2 (5a)
α =
(
1−
∆m
m0
∣∣∣∣
exp
)
(5b)
Since this relation relation represents an upper bound for Ω0, it implies that the allowed
region for the theory in the (H0,Ω0) plane lies below the curve (5a).
Besides, the density ρ(τ0, H0) (and then Ω0(τ0, H0)) can also be calculated from (1a) and
(2). If we take τ0=10 Gyr (20 Gyr) as a lower (upper) bound for the present age of the
Universe [21], the latter Ω0 curves define a strip in the H0 − Ω0 plane. The intersection of
this strip with the window determined by the present experimental limits for Ω0 and H0
4
and with the region Ω0 > 1 (Ω0 < 1) for the spherical (pseudospherical) case is the region of
validity of the theory in the H0 −Ω0 plane. That is to say, all the predictions of the theory
for Ω0 should fall in this region (which we call R) for the theory to be valid.
Our results are shown in Fig. 1. It can be easily seen that there is a strong disagreement
between theory and observation: the curves for the long-lived β decayers and the lunar
paleoradius do not intersect the region R, and this is true no matter which 3-geometry
4We took 0.15 <∼ Ω0
<
∼ 2 [22], and 0.4
<
∼ h
<
∼ 1 [23], with H0 = 100 h km seg
−1 Mpc−1 as usual.
3
(plane, spherical, or pseudospherical) one considers. The Oklo phenomenon results exclude
the closed model and flat models but are partially consistent with an open Universe.
We are thus led to conclude that the assumed relation connecting the 5th dimension and
mass is false at least for the case of the generalized metric given by (2). More general (e.g.
x4-dependent) metrics will be studied elsewhere.
4
TABLES
TABLE I. Cosmological solutions of E. E.
k 6= 0 k = 0
A2(τ)/c2 τ(−kτ + 2τ˜ ) 2τ τ˜
τ˜ kτ0
τ0H0−1
2τ0H0−1 -
ζ(τ) ln
[
(H0τ+1−H0τ0)2(2τ˜ τ0−kτ20 )
2τ˜ τ−kτ2
]
ln
[
1
2
√
τ
τ0
+ 12
√
τ0
τ
]2
ρ(τ0,H0)
3
8πG
(1−τ0H0)2
τ2
0
3H2
0
8πG
Ω(τ0,H0)
(
1
τ0H0
− 1
)2
1
∆m
m
(H0,Ω0) 1−
√
[1−LeH0(1+√Ω¯0)] [1+LeH0(√Ω¯0−1)]
(1−H0Le)2 1−
√
1−2LeH0
(1−H0Le)2
( H0 is the value of the Hubble constant today, Ω0 is the ratio between the present and
critical density for the universe and Le is the age of the event τ0 − τe.)
TABLE II. Sample experimental data from ∆m
m
∣∣∣
exp
Value [ 10−11 yr−1 ] Age [Gyr] ∆m
m
∣∣∣
exp
Planetary paleoradius
Moon ∆R
R∆t ≤ 0.015 3.9 6.5×10
−4
Long-live β decayers
40K ∆λ
λ∆t ≤ 0.29 4.6 2.3 ×10
−4
Oklo phenomenon
157Gd ∆σ
σ∆t ≤ 123 1.8 3.3 ×10
−3
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